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The setting for this article is Euclidean n-space, KY’, n > 2. Let X” denote 
the set of convex bodies (compact, convex subsets with nonempty interiors) 
in R”, and let -X; denote the subset of X” that contains the centered 
(centrally symmetric with respect to the origin) bodies. For UE S”- ‘, let E, 
denote the hyperplane, through the origin, that is orthogonal to U, and let 
KI E, denote the image of the orthogonal projection of the body KE X” 
onto E,. We shall use V, to denote i-dimensional Lebesgue measure. For 
V,, and V,-, we shall usually write V and u. 
Shephard [38] poses the question: If K, L E XE, and 
4KI E,) < 4L I-4), (la) 
for all u E S”- ‘, does it follow that 
V(K) < V(L)? (lb) 
Petty [32] and Schneider [34], independently, showed that the answer is 
no, in general, but if the body with the larger projections, L, belongs to the 
class of projection bodies (zonoids), then the answer is yes. 
An older problem of Busemann and Petty L-141 (see also Busemann 
[ 133) concerns the dual question: If K, L E -XE, and 
v(Kn E,) < v(L n E,), 
for all u E S”-‘, does it follow that 
@a) 
V(K) < V(L)? (2b) 
Busemann and Petty [14] note that this problem is equivalent to the 
following question regarding area (in Busemann’s sense) in Minkowski 
spaces: Suppose F, F’ are Minkowski metrics for R” such that for some r, 
1 < r < n, the F-area of any (sufficiently smooth) r-dimensional surface does 
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not exceed its F-area, does the same hold for s-dimensional surfaces, when 
s>r? 
Larman and Rogers [25] use a clever probabilistic argument to show 
that, like the Shephard problem, the answer to the question of Busemann 
and Petty is no, at least for n > 11. Recently Ball [41] has shown that the 
areas ((n - 1 )-dimensional volumes) of central slices of the unit cube in [w” 
do not exceed & As Ball [42] observes, from this result it follows easily 
that, for n > 9, a ball in KY’, whose central slices have areas E + J 2 (where 
E > 0 is sufficiently small), will have smaller volume than the unit cube: 
One of the aims of this article is to show that, like the Shephard 
problem, the Busemann-Petty question has an affirmative answer, if one of 
the bodies is restricted to a special class of bodies. As expected in the dual 
situation, we shall require the body whose slices have smaller area, K, to 
belong to this restricted class of bodies, and, as expected, the bodies in this 
restricted class are, in a sense, duals of projection bodies. 
If KE X:,, then K is an n-dimensional projection body if the Minkowski 
space [w”, whose unit ball is the polar of K, is isometric to a subspace of 
L,[O, 11. We shall use 17” to denote the set of n-dimensional projection 
bodies. 
If KE X:, then we call K an n-dimensional intersection body if there 
exists a body CE Xg, such that the polar of K is a solution of the 
isoperimetric problem (with Busemann’s definition of surface area) in the 
Minkowski space [w”, with unit ball C. We shall use I” to denote the set of 
n-dimensional intersection bodies. 
Simple definitions of intersection bodies and projection bodies will be 
given after some additional notation has been introduced. These simple 
definitions will also exhibit the claimed “duality” between F and I”. 
The theorem of Petty and Schneider, mentioned earlier, is: 
THEOREM 1. If K E X”, L E IT”, and 
dKI E,) < u(L I E,)> 
for all u E S” ~ ‘, then V(K) < V(L). 
We shall establish the following dual of the Petty-Schneider theorem: 
THEOREM 2. If KE I”, L E X”, and 
u(Kn E,) < o(L n E,), 
for all uES”-‘, then V(K) < V(L). 
We shall, in fact, obtain a more general result. With little extra effort, 
Theorem 2 can be established for the class Y” of sets which are star shaped 
with respect to the origin. The class I” will be extended (in a natural way) 
234 ERWIN LUTWAK 
to a class 9”, of intersection star bodies. We shall prove that if KE Y’, and 
L E Y”, then whenever (2a) holds, (2b) must hold. 
Petty [32] and Schneider [34] have shown that if L is a convex body 
which is not centrally symmetric, then there exists a convex body K, such 
that (la) holds but inequality (lb) is reversed. We shall show that a similar 
result can also be obtained for the Busemann-Petty problem. If K is a star 
body which is not centered, then there exists a star body L, such that (2a) 
holds, but inequality (2b) is reversed. 
An important result of Schneider [34] is that if K is a centered body 
which is sufftciently smooth and has positive curvature, then if K is not in 
Z7’, there exists a centered body L, not in Z7”, such that (la) holds, but 
inequality (lb) is reversed. Similarly, we shall show that if L is a centered 
star body, which is sufficiently smooth and whose radial function is 
positive, then if L is not in 9”, there exists a centered star body K, not in 
9”, such that (2a) holds, but inequality (2b) is reversed. 
There is a remarkable similarity in the proofs of the results regarding the 
projection problem of Shephard and the proofs of the results regarding the 
intersection problem of Busemann and Petty. The proof of the Petty- 
Schneider theorem involves the use of mixed volumes, whereas the proof of 
Theorem 2 involves the use of dual mixed volumes. Since their introduction 
by Minkowski, mixed volumes have proven to be a powerful tool in 
dealing with problems involving projections. It appears that dual mixed 
volumes should be of value in problems involving intersections. Their 
possible utility in dealing with intersection problems can be seen by 
comparing, for example, the representations (1.12) and (2.12). 
Since results regarding dual mixed volumes are scattered, and since a 
development analogous to the classical development of mixed volumes has 
not been presented, we shall do so here. In order to exhibit the analogy 
between mixed volumes and dual mixed volumes, as well as the strong 
similarity between the proofs of the results regarding the Shephard and the 
Busemann-Petty problems, we present the material in parallel sections. 
The odd-numbered sections contain material regarding mixed volumes and 
projection bodies, while the even-numbered sections contain the 
corresponding results for dual mixed volumes and intersection bodies. An 
attempt has been made to number results in such a manner that numbered 
items in the even sections correspond to similarly numbered items in the 
preceding section. Nothing stated in the odd-numbered sections is original, 
probably not even the presentation. 
Basic references, for the material presented in the odd-numbered 
sections, are Bonnesen and Fenchel [6], Busemann [12], Santa16 [33], 
and Leichtweiss [26]. 
Background material is stated and notation is developed in Section 0. 
Some very elementary properties of the Radon transform on spheres are 
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also discussed. The reader is referred to the excellent monograph of 
Helgason [24] for questions regarding Radon transforms. 
Section 1 contains the definitions of mixed volumes and mixed surface 
area measures. Bonnesen and Fenchel [6] is a good reference for material 
related to mixed volumes. For a detailed treatment of mixed surface 
measures the reader is referred to the original works on the subject by 
Fenchel and Jessen [ 161 and Aleksandrov [l&4]. Busemann [ 121 and the 
survey of Schneider [36] are also recommended references for this section. 
A definition and integral representation of dual mixed volumes is given 
in Section 2. Dual mixed volumes were introduced by Lutwak [27] via 
their integral representation. The definition given here is more appealing 
because it closely parallels the usual definition of mixed volumes. The 
representation of the dual Quermassintegrals (2.12) can be found in [28]. 
A nice survey of results concerning dual mixed volumes can be found in 
Burago and Zalgaller [7]. 
Some classical inequalities involving mixed volumes and Minkowski 
addition, such as the Minkowski and Brunn-Minkowski inequalities, are 
listed in Section 3. Bonnesen and Fenchel [6] is also recommended here. 
Section 4 contains the corresponding results for dual mixed volumes. With 
the exception of the last result in this section, all the results can be found in 
the previously cited works [27, 28). 
Section 5 contains the definition and basic results regarding Blaschke 
linear combinations of convex bodies. A good reference for this material is 
Firey [ 173. A nice application of Blaschke addition is given by Firey and 
Griinbaum [l S] (or see Griinbaum [22]). The survey of Schneider [36] 
and the introductory material of [29] are also recommended. In Section 6, 
the definition of radial Blaschke linear combinations is given. The results 
for radial Blaschke addition, corresponding to those listed in Section 5, are 
obtained in Section 6. 
Section 7 contains the basic properties we shall require regarding projec- 
tion bodies. The excellent surveys of Schneider and Weil [37] and Bolker 
[S] should be consulted as reference. (We note that we follow the standard 
usage, in geometric convexity, of the term projection body, and thus what 
Bolker calls a projection body we call the polar of a projection body.) In 
Section 8, a simple definition of intersection bodies is given, and some of 
the elementary properties of intersection bodies are presented. 
Section 9 contains the proof of Theorem 1 given by Petty [32] and 
Schneider [34]. We present their proof to show the similarity between the 
proof of Theorem 1 and the proof of Theorem 2 given in Section 10. Sec- 
tion 11 contains the results of Petty [32] and Schneider [34] regarding 
possible extensions of Theorem (9.1). while Section 12 deals with possible 
extensions of Theorem ( 10.1). 
Other results regarding the Busemann-Petty intersection problem can be 
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found in the works of Giertz [ 193, Grinberg and Rivin [21], and 
Hadwiger [23]. 
0. NOTATION AND BACKGROUND MATERIAL 
For x = (x,, . . . . x,?), y = (y , , . . . . y,) E Iw”, we use x. y to denote the usual 
inner product of x and y, x, y, + . .- +x, y,, and we use 1x1 to denote 
6. We shall use B to denote the unit ball, {XE [w”: 1x1~ l}, in Iw”, and 
for the unit sphere {XE Iw”: [xl= l} we write S”- ‘. 
If KEX’~, then K* will be used to denote the polar (body) of I( (with 
respect to the unit sphere centered at the origin); i.e., 
K*=(x~iW”:jx.yl<l, forall yEK}. 
For spherical Lebesque measure on the unit sphere S’ we write Si. For 
S n-l and S,-, we shall usually write S and s, respectively. We use oi to 
denote the i-dimensional volume of the unit ball in [w’. 
The set of real-valued, continuous functions on S”- ’ will be denoted by 
C(S- ‘). A function that assumes the same value at antipodal points is 
called an even function, and the subset of C(S- ‘) that contains the even 
functions will be denoted by CJSn-‘). The subset of Ce(Sn- ‘) that con- 
tains the nonnegative functions shall be denoted by Ce+(S- I). The subset 
of Ce(SnP ‘) that contains the infinitely differentiable functions will be 
denoted by CF (S” - l ). 
If f, g E C(S”- ‘), then we define (f, g) by 
(s, g)=&fb) g(u)Wu). (0.1) 
We shall use 1. I2 to denote the norm on C(S”- ‘) induced by this inner 
product; i.e., for f~ C(S”- l), lflz = m. We shall use I .I m to denote 
the max (or sup) norm on C(S+‘). 
For a given function f~ C,(S”- ‘), we shall use Tf to denote the Radon 
transform off on S--l, defined by 
(Tf)(u)= (0.2) 
for u E S” ~ l. In order to avoid possible confusion regarding orientation, 
such integrals should be interpreted as o,- I times the average value of f 
on S”-’ n E,. 
It is well known that the linear transformation, 
T: C,(S”- ‘) --, Ce(Snp’), 
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is self-adjoint; i.e., if f, g6 C,(S”- I), then 
(J %I= (rf, 8). (0.3) 
See, for example, Santa16 [33, (12.53)]. 
It is also well known that T(C,“(S”-I))= Cz(S’-‘). From the facts that 
T is self-adjoint and its range is a dense subset of Ce(Sn-I), it follows 
immediately that T is injective (see, for example, Treves [40]). There are a 
number of results in geometric convexity which are simple consequences of 
the fact that T is injective. See Schneider [35] for a discussion (and proof). 
It will also be shown in Section 8 that the injectivity of T follows easily 
from a result concerning intersection bodies and dual mixed volumes. 
We shall use G(n, i) to denote the Grassmann manifold of i-dimensional 
subspaces of R”, and pi to denote the usual Haar measure on G(n, i), 
normalized, so that ,u,(G(n, i)) = 1. 
If KEX~, then the norm on the Minkowski space KY’, with unit ball K, 
will be denoted by 1 .IK. Thus, / .le = 1.1. 
1. MIXED VOLUMES 
We shall call the convex set which contains only the origin the trivial 
convex body, and it will be convenient to include it as a member of X” 
and X,“. 
Associated with a convex body K is its support function, h( K, . ), defined 
on R” by 
We shall often write h,, rather than h(K, .), for the support function of K, 
and we will usually consider only the restriction of the support function 
to P-1. 
Obviously, for K, L E X”, 
KcL if and only if h,<h,. (1.1) 
If K,, . . . . K,E X” and Ai, . . . . 2,~ R, then the Minkowski linear com- 
bination, 1, K, + . . . + i,K,, is defined by: 
i,K, + ... +A,K,= {,$x~ + ... +&x,:x,EK,), 
The addition and scalar multiplication are called Minkowski addition and 
scalar multiplication. It is trivial to verify that Minkowski addition on X” 
is associative and that for K, L E X” and c(, y b 0, 
rx(K+ L)=otK+aL and (cr+y) K=aK+yK. (1.2) 
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We note that if K, L E X” and a, y > 0, then 
h(aK+ yL, .) = ah(K, .) + yh(L, .). (1.3) 
We shall use 6 to denote the Hausdorff metric on X” : If K, L E X”, then 
6(K, L) is defined by, 
4K, L)= IhK-h,l,,, (1.4a) 
or, equivalently, 
~(K,L)=M~II(E:KcL+EB and LcK+EB}. (1.4b) 
That these definitions are equivalent follows immediately from (1.1) and 
(1.3). 
Of fundamental importance is the fact that for K,, . . . . K, E X” and 
A,, . . . . 1, > 0, the volume of the Minkowski linear combination 
Ai K, + . . . + I, K, is a homogeneous n th-degree polynomial in the A,, 
V(l,K,+ ... +l,K,)=C vil...i,~il...~,, (1.5) 
where the sum is taken over all n-tuples (ir , . . . . i,) whose entries are positive 
integers not exceeding r. If we require the coefficients of the polynomial in 
(1.5) to be symmetric in their arguments, then they are uniquely deter- 
mined. It turns out that the coefficient Vi, ._ .;” is nonnegative and depends 
only on the bodies Ki,, . . . . K,. It is usually written V(Ki,, . . . . K,) and is 
called the mixed volume of K,, . . . . K,. 
If K, L are convex bodies in aB”, then the mixed volume V(K, . . . . K, 
L , . . . . L), with i copies of L, and n-i copies of K, is usually written as 
V,(K, L). The mixed volume V,(K, B), with n - i copies of K, and i copies 
of the centered unit ball, B, is usually written as W,(K) and is called the ith 
Quermassintegral (projection measure, cross-sectional measure) of K. 
By using (1.2) the associativity of Minkowski addition on X”, and 
definition (1.5) it is easily shown that for K, L, ME X” and a, y > 0, 
V,(M, aK+ yL) = aV,(M, K) + yV,(M, L). (1.6) 
Suppose K,, . . . . K,- , E X” are fixed convex bodies. For each L E X”, let 
@(hL)= VW,, . . . . K,pl, L). 
It turns out that @ can be extended (in a unique way) to a continuous 
linear functional on C(S” - I). From the Riesz representation theorem one 
can thus obtain a Bore1 measure on S- l, denoted by S(K,, . . . . K,- ,; .), 
such that for each L E X”, 
VK L,, 1, . ..1 L)=tlls”-, h,(u) WKI, . . . . K-1 ; u). (1.7) 
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The measure S( K, , . . . . K,, , ; . ) is called the mixed surface area measure (or 
function) of K,, . . . . K,- r. If K, = ... = K,- r = K, then the mixed surface 
area measure S(K, . . . . K; . ) is called the surface area measure of K and is 
denoted by S( K, ). 
From the definition of mixed volumes (1.5), one easily sees that for 
KEX”. 
V(K, . . . . K) = V(K). (1.8) 
For a nonsingular linear transformation ,4 : R” + R”, let IAl denote the 
absolute value of the determinant of /i, and if K is a body in R” let 
AK = (,4x : .K E K} denote the image under n of K. The image under ,I of a 
Minkowski linear combination of convex bodies Ki is equal to the 
corresponding Minkowski linear combination of the convex bodies AKi. 
From this observation, the fact that V(AK) = [/iI V(K), and the fact that 
the mixed volumes are the unique symmetric coefficients of the polynomial 
in (1.5), it follows that for K,, . . . . K,, E X", 
V(AK,, . . . . AK,)= IAl V(K,,...,K,,). (1.9) 
For K, , . . . . Knpi~ X", let C = ( K1, . . . . K, _ ,). For KE X”, we shall use 
V,(C, K) to denote the mixed volume V(K,, . . . . K,- ,, K, . . . . K), in which K 
appears i times. 
For a fixed C = (K,, . . . . K, ~ ,), the functional V,(C, . ) is a valuation on 
X”; i.e., if K, L, Ku L E 3”“. then 
V;(C,KuL)+ V,(C,KnL)= V,(C,K)+ V;(C,L). 
If K, L E X”, then from (1.5) it follows immediately that 
(1.10) 
lim V(K+&L)- V(K) 
c - 0 E =nV1(K,L). 
The importance of the Quermassintegrals lies in the fact that the 
(n - i)th Quermassintegral of K E X” is proportional to the mean, of the 
i-dimensional volumes, of the projections of K onto the i-dimensional sub- 
spaces of R”. Specifically, W,(K) = V(K), W,,(K) = co,, while for 0 < i < n, 
(1.12) 
2. DUAL MIXED VOLUMES 
Associated with a compact set K in R” which is star shaped, with respect 
to the origin, is its radial function, p(K, . ). defined on s” - I, by letting 
p(K,u)=MaxI%~O:~uEK}, 
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for u E S”- I. We shall often write pK, rather than p(K, .), for the radial 
function of K. If pK is continuous we shall call K a star body, and if K con- 
tains only the origin we shall call the star body trivial. A star body which is 
centrally symmetric with respect to the origin will be called centered. We 
shall use 9”‘, and 9’; to denote respectively the sets of star bodies and 
centered star bodies. 
Obviously, for K, L E Y”, 
KcL if and only if PK6 PL.. (2.1) 
We define a vector addition on IL!“, which we call radial addition, as 
follows. If x1, . . . . X,E R”, then x1 i ... ? x, is defined to be the usual 
vector sum of x,, . . . . x,, provided x,, . . . . x, all lie in a l-dimensional sub- 
space of R”, and as the zero vector otherwise. 
If K,, . . . . K,E Y” and II,, . . . . 2,~ R, then the radial Minkowski linear 
combination, 2, K, 7 . . . 7 1, K,, is defined by: 
1,K, ? ... 7 &K,= (1,x, r ... 7 1,x,: x+Ki). 
The addition will be called radial Minkowski addition. We note that for 
convex bodies radial Minkowski scalar multiplication and Minkowski 
scalar multiplication agree. We note that while radial addition for vectors is 
not associative, radial Minkowski addition on 9’” is associative, and for 
K, LEZP’ and LY, ~20, 
a(K 7 L)=uK r aL and (cr+y) K=aK r yK. (2.2) 
It is trivial to verify that for K, L E 9’” and CY, y > 0, 
p(aK 7 YL . ) = w(K . ) + YP(L, .I. (2.3) 
We define a metric $ on Y”, the radial Hausdorff metric, as follows. If 
K, L E Y”, then 
or, equivalently, 
(2.4a) 
b(K,L)=Min{c:KcL i EB and LcK~EB}. (2.4b) 
That these definitions are equivalent follows immediately from (2.1) and 
(2.3). 
By using the polar coordinate formula for volume and (2.3), one easily 
shows that for K,, . . . . K,E Y” and Iz,, . . . . 1,~0, the volume of the radial 
Minkowski linear combination 2, K1 ? . . . r l,K, is a homogeneous 
nth-degree polynomial in the li, 
l’(A,K, T ... T A,K,)=C Bi,...i,Ail...Izi~, (2.5) 
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where the sum is taken over all n-tuples (ii, . . . . i,) whose entries are positive 
integers not exceeding r. If we require the coefficients of the polynomial in 
(2.5) to be symmetric in their arguments, then they are uniquely deter- 
mined. The coefficient vi, ...i, is nonnegative and depends only on the 
bodies Ki,, . . . . K,. It is written as 8(Ki,, . . . . K,) and is called the dual mixed 
volume of K;, , . . . . K,“. 
If K, L are star bodies in W, then the dual mixed volume @K, . . . . K, 
L 3 . ..’ L) with i copies of L, and n - i copies of K, is written as ri(K, L). The 
dual mixed volume P,(K, B) with n - i copies of K, and i copies of B, is 
written as mz(K) and is called the ith dual Quermassintegral (dual projec- 
tion measure, dual cross-sectional measure) of K. 
If we use (2.2), the associativity of radial Minkowski addition on Y”, 
and definition (2.5) it is easy to verify that for K, L, ME 9’“, and CY, y >, 0, 
&(M,crK T yL)=crt,(M, K)+y&(M, L). (2.6) 
By using the polar coordinate formula for volume and (2.3), one obtains 
from (2.5) the following integral representation of dual mixed volumes: 
If K,, . . . . K,, E Y’, then 
(2.7) 
In particular, if K, L E ,Y”, then from definition (0.1) we have 
h(K L) = b-G- ‘, PL). (2.7a) 
From the definition of dual mixed volumes (2.5), or the integral 
representation (2.7), it is obvious that for K E Y’“, 
p( K, . . . . K) = V(K). (2.8) 
If A : R” + R” is a nonsingular linear transformation, then from the 
definition of radial vector addition we see that for xi, . . . . X,E R”, 
A(x, ? i x,) = Ax, 7 ... i Ax,. Hence, it follows from the definition 
of a radial Minkowski linear combination that, if K,, . . . . K,E 9” and 
3 +i, . . . . EL, > 0, then 
A(A,K, i ... ? A,K,)=E,,AK, i ... ? &AK,. 
From this observation, the fact that for KE Y’, V(AK) = IA) V(K), and the 
fact that the dual mixed volumes are the unique symmetric coefficients of 
the polynomial in (2.5), it follows that for K,, . . . . K,, E Y”, 
v(AK,, . . . . AK,) = IAl r(K,, . . . . K,). (2.9) 
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For K, , . . . . K,-i~Y)“, let C=(K ,,..., K,- i). For KE Y”, we shall use 
P,(C, K) to denote the dual mixed volume v(K,, . . . . Knpi, K, . . . . K) in 
which K appears i times. 
For a fixed C = (K, , . . . . K,- ;), the functional p,(C, .) is a valuation on 
9’“; i.e., if K, 4 E Y’, then 
&(C, Ku L) + &(C, Kn L) = v,(C, K) + &(C, L). (2.10) 
This follows immediately from the integral representation (2.7), and the 
observation that pKvL = Max{p,, pL), and pKnL= Min(p,, pL}. 
If K, LEY”, then from (2.5) it follows immediately that 
lim V( K 7 EL) - V(K) 
= n&(K, L). (2.11) 
E’O E 
The importance of the dual Quermassintegrals lies in the fact that the 
(n - i)th dual Quermassintegral of a star body KE 9’” is proportional to 
the mean of the i-dimensional volumes of the slices of K by the i-dimen- 
sional subspaces of IR”. Specifically, p,,(K) = V(K), WJK) = o,, while for 
O<i<n, 
(2.12) 
This representation of the dual Quermassintegrals was obtained (for 
convex bodies) in [28]. We shall reprove it in order to show how easily 
these results for the dual mixed volumes are obtained. 
Suppose K E 9” and i is an integer such that 0 < i < n. From the integral 
representation (2.7) it follows that 
But 
We complete the proof by observing that, from the polar coordinate 
formula for volume. one has 
s pi(u) dS,- I(u) = iV,(Kn 5). S”-‘n< 
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3. INEQUALITIES FOR MIXED VOLUMES 
For quick reference we list some basic properties of mixed volumes that 
we shall require. 
An important property of mixed volumes is that they are non-decreasing 
with respect to set inclusion. Specifically, if Kj, Li E X” and Ki c Li, then 
UK,, ---, K,,)d W,, . . . . L,). (3.1 f 
From (3.1), (1X5), and definition ( 1.4b), of the Hausdorff metric 6, one 
easily shows that mixed volumes are continuous (in fact uniformly 
continuous). Specifically, if K,, . . . . K, _ t E X”, then V(K,, . . . . K,- , , .) is 
continuous on the space ~$7”. 
The Minkowski (mixed volume) inequality states that if K, L G X”, then 
V,(K, L)” > V’(K)“- ’ V(L), (3.2) 
and if K and L are non-trivial, there is equality if and only if K and L are 
homothetic. 
Closely related to the Minkowski inequality is the Brunn-Minkowski 
inequality: If K, L E X”, then 
V(K+ L)“” 3 V(K)“” + V(L)‘:“, (3.3) 
and if K and L are non-trivial, then there is equality if and only if K and L 
are homothetic. 
The Brunn-Minkowski inequality can be easily derived from the 
Minkowski inequality as follows. From (1.6) and the Minkowski inequality 
(3.2) it follows that for K, L, ME X”, 
V,(M, K + L) > V(M) ()I-ll)/n (V(K)““+ v(L)‘/“), 
and if K, L, M are non-trivial, there is equality if and only if K and L are 
homothetic to M. From this we get the Minkowski inequality (with the 
equality conditions) if we take M = K+ L, and use (1.8). 
For a body K E X”, we define AKE Xz by 
AK=$K+i( -K), (3.4) 
where -K = ( --x: x E K}. The body AK is a centered ball if and only if K 
has constant width (the distance between parallel supporting hyperplanes 
of K is constant). 
From the Brunn-Minkowski inequality (3.3) it follows that for KE X”, 
V(K) d UAW, (3.5) 
with equality if and only if K is centrally symmetric. 
607:71:2-R 
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The following simple consequence of the Minkowski inequality (3.2) has 
been very valuable in answering a variety of uniqueness questions. If 
K, L E X”, and d is a subset of X” which contains K and L, then if either 
vl(K, M) = v,(L, W for all ME &, 
or 
V,(M K) = V,(M, L) for all ME &, 
then K and L are translates of each other. 
(3.6a) 
(3.6b) 
4. INEQUALITIES FOR DUAL MIXED VOLUMES 
Analogs of the results for mixed volumes listed in Section 3 can be 
obtained for dual mixed volumes. 
From (2.1) and the integral representation (2.7), it follows immediately 
that the dual mixed volumes are non-decreasing with respect to set 
inclusion. Specifically, if Ki, Li E 9’” and Ki c Li, then 
v(K 1, . . . . K,) d r(L,, . . . . L,). (4.1) 
From (4.1), (2.6), and the definition (2.4b) of the radial Hausdorff 
metric, 8 (or from (2.7) and (2.4a)), one easily shows that dual mixed 
volumes are continuous (in fact uniformly continuous). Specifically, if 
K 1, ..., K, _ r E 9’“, then r(K , , . . . . K,- i, .) is continuous on the space 9’“. 
We shall need the dual Minkowski inequality: If K, LEE"', then 
&(K,L)"Q V(K)"-' V(L), (4.2) 
and, if K and L are non-trivial, there is equality if and only if K and L are 
dilations of each other. 
The dual Minkowski inequality is easily established (see [27]) by using 
the Holder integral inequality [15, p. 881 and (2.7). 
The dual Brunn-Minkowski inequality states that if K, L E 9’“, then 
V(K i L)"" < V(K)"" + V(L)'In, (4.3) 
and if K and L are non-trivial, there is equality if and only if K and L are 
dilations of each other. 
The dual Brunn-Minkowski inequality is easily obtained from the dual 
Minkowski inequality (4.2). From (2.6) and the dual Minkowski inequality 
(4.2) it follows that for K, L, ME 9", 
~,(A& K ? L)< V(M)'"- ')'" (V(K)"" + V(L)""), 
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and if K, L, M are non-trivial, there is equality if and only if K and L are 
dilations of M. From this we get the dual Minkowski inequality (with the 
equality conditions) if we take M = K ? L, and use (2.8). 
For a body K E Y”, we define IKE 9’: by 
d”~=tK i 4(-K). (4.4) 
The origin is called an r-equichordal point of KE Y’, or K is called 
r-equichordal, if p;(u) + pZ( - U) is independent of U. A I-equichordal body 
is called simply an equichordal body, or is said to have the origin as an 
equichordal point. 
Since for u E S”- I, p( -K, U) = p(K, - u), it follows from (2.3) that dK is 
a centered ball if and only if K is equichordal. 
From (4.4) and the dual Brunn-Minkowski inequality (4.3) it follows 
that for KE 9”‘, 
V(dK) < V(K), (4.5) 
with equality if and only if K is centered. 
PROPOSITION (4.6). Zf K, L are non-trivial star bodies in Y’, and s? is a 
subset of 9” which contains K and L, then if either 
v,(K, M)= r,(L, M) for all ME&‘, (4.6a) 
or 
r,(M, K)= t,(M, L) for all ME&, (4.6b) 
it follows that K = L. 
Proof: Suppose (4.6a) holds. If we take K for M, then from (2.8) we get 
V(K) = B,(K, K) = BJL, K). 
Hence, from the dual Minkowski inequality (4.2) we have 
V(K) G f’(L), 
with equality if and only if K and L are dilations of each other. If we take L 
for M we similarly get V(L) < V(K). Hence, V(K) = V(L) and from the 
equality conditions we can conclude that K and L are dilations of each 
other. However, since they have the same volume they must be equal. 
That (4.4b) implies K= L, can be established in the same manner. 
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5. BLASCHKE ADDITION 
For a non-trivial body KE X”, the surface area measure S(K, .) is not 
concentrated on a great sphere of S”- ‘, and has the origin as centroid; i.e., 
u dS( K, u) = 0. 
Conversely, a theorem of Fenchel and Jessen [16] and Alexandrov 
[3, 41 states that a (positive) Bore1 measure on S*- ‘, which is not concen- 
trated on a great sphere and has the origin as centroid, is the surface area 
measure of a convex body, which is unique up to translation. 
If K, LE X” and or, y 2 0, then the theorem of Fenchel and Jessen and 
Alexandrov tells us that there exists a convex body, unique up to trans- 
lation, which we denote by a. K+ y. L, such that 
S(a . K+ y. L, .) = aS(K, .) + yS(L, .). (5.1) 
This addition and scalar multiplication is called Blaschke addition and 
scalar multiplication. 
It is easy to verify the following relation between Blaschke and 
Minkowski scalar multiplication: If K E X” and 12 0, then 
A. K= A’/(- “K. 
From the definition of a Blaschke linear combination (5.1), and the 
integral representation for mixed volumes (1.7), it follows that if 
K, L, ME X”, and a, y > 0, then 
V,(a.K+y.L, M)=aV,(K, M)+yV,(L, M). 
The Knesser-Siiss inequality states that if K, L E X”, then 
(5.2) 
V(K+L)‘“-I’/“> V(K)‘“-‘““+ v(L)+I)/“, (5.3) 
and if K and L are non-trivial, there is equality if and only if K and L are 
homothetic. 
It is easy to obtain the Knesser-Siiss inequality from the Minkowski 
inequality (3.2). From (5.2) and the Minkowski inequality (3.2) it follows 
that for K, L, ME X”, 
V,(K+L, M)3 V(M)““(V(K)‘“-I”“+ V(L)‘“-“‘“), 
and if K, L, M are non-trivial, there is equality if and only if K and L are 
homothetic to M. If we take M= K+ L, and use (l.S), we get the Knesser- 
Siiss inequality (along with the equality conditions). 
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For KE X” we define VK to be the centered body given by: 
VK=&K+;.(-K). (5.4) 
An immediate consequence of the Knesser-Siiss inequality is that 
V(K) d V(VK), (5.5) 
with equality if and only if K is centrally symmetric. 
From (5.21, (1.9), the integral representation (1.7) and definition (5.4) it 
follows that for K E X” and CE Sy:, 
V,(VK, C) = V,(K, C). (5.6) 
As an aside, we note that corresponding to ( 1.11) one has for K, L E X” 
lim V(K+&.L)- V(K) 
,: + 0 E =2 V,(L K). (5.7) 
See Goikhman [20]. 
6. RADIAL BLASCHKE ADDITION 
If K, L E Y” and c(, y > 0, then we define the radial Blaschke linear com- 
bination, c(. K & y . L, as the star body whose radial function is given by: 
p(a.K? y.L,.)“~‘=clp(K;)“~‘+yp(L,.)“-‘. (f-5.1) 
We shall call the addition and scalar multiplication radial Blaschke 
addition and scalar multiplication. We note that for convex bodies, 
Blaschke scalar multiplication and radial Blaschke scalar multiplication 
agree (and, hence, no new symbol was needed to denote it). 
We shall require the following analog of (5.2). If K, L, ME Y”, and 
CL, y >, 0, then 
P,(wK$ r’L,M)=cw~,(K,M)+y8,(L,M). (6.2 1 
This is an immediate consequence of the definition of a radial Blaschke 
linear combination (6.1) and the integral representation of dual mixed 
volumes (2.7). 
We shall need the following dual of the Knesser-Siiss inequality. 
PROPOSITION (6.3 ). [f K, L E 9’“, then 
V(K i L) (n- l)!fl < ,(,)(?Z l),‘fl + V(L)‘“- l)i?l, (6.3) 
and if K and L are non-trivial, there is equality if and only if K is a dilation 
of L. 
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Proof From (6.2) and the dual Minkowski inequality (4.2) we get: 
V,(K r L, M) < V(M)“” (V(K)‘“- IVn + v-(L)(“-I”“), 
and if K, L, M are non-trivial, there is equality if and only if K and L are 
dilations of M. If we take M= K r L, and use (2.8) we obtain the desired 
inequality (along with the equality conditions). 
For KE 9’“, we define OK by 
OK=+.KT 4.(-K). (6.4) 
For KEY”, p(-K,u)=p(K, -u), for all UES-~; hence from (6.1) it 
follows that K is (n - 1)-equichordal if and only if TK is a centered ball. 
An immediate consequence of the dual Knesser-Stiss inequality is that 
J’(fk) < f’(K), (6.5) 
with equality if and only if K is centered. 
From (6.2), (2.9), the integral representation (2.7), and definition (6.4), it 
follows that for KE Y” and C E Y: 
8,(vK, C) = p,(K, C). (6.6) 
As an aside, we note that one can easily establish the counterpart of 
(5.7): If K, L E Y”, then 
lim V(K ? E . L) - V(K) 
E’O E 
=& 8,(L, K). (6.7) 
To prove this one need only use (6.1), obtain a series expansion for 
p(K ? E. L)“, in E, and then use the polar coordinate formula for volume. 
7. PROJECTION BODIES 
We summarize, for quick reference, some well-known facts regarding 
projection bodies. 
The projection body, IIK, of a convex body KE X”, is defined as the 
convex body whose (restricted) support function, in a direction u E S”- ‘, is 
equal to the (n - 1)-dimensional volume of the image of the projection of K 
onto the hyperplane orthogonal to U; i.e., for u E S”- ‘, 
h(Z7K, u) = u(KI E,). (7.1) 
The existence of a convex body whose support function is given by (7.1) is 
due to Minkowski. 
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As mentioned in the Introduction, there are a number of equivalent 
definitions of the class of projection bodies (or zonoids), I7”. The most 
convenient for us is 
II”= (IX: KEX”). 
It is well known, and easily shown, that for K, L E X”, and CI, y 2 0, 
I7(u.K+y.L)=dK+yLTL and I7-K)=I7K. (7.2) 
From (7.2) it follows that the class of projection bodies is closed under 
Minkowski addition and scalar multiplication. 
For KE X”, let Z7( K) denote the set of all convex bodies which have 
the same projection body as K; i.e., 
We shall call 17(K) the projection class of K. 
If K E X”, then from definition (5.4), of VK, and (7.2), it follows that 
I;IVK=I7K, (7.3) 
and hence, VKE II(K). 
From (7.3) we see that every projection body is, in fact, the projection 
body of some centered body. Hence, the class of projection bodies, Z7”, 
could have been defined by: 
IIT”= (I7K: Kd$ (7.4) 
From definition (7.1) we obviously have, 
nn c xz. (7‘5) 
Petty [32 J also obtains the following result regarding projection bodies. 
If K, LET;, then 
Ii’K = IIL, (7.6a) 
if and only if 
for all ME.%?:. 
v,(K M) = v, W, W, (7.6b) 
We shall not reproduce Petty’s proof of this result, since the proof we 
shall give for the corresponding result for intersection bodies and dual 
mixed volumes is slightly different from Petty’s proof. 
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If K, LE -Xz, and Z7K= Z7L, then from (7.6b) and (3.6a), it follows that 
K= L. Hence, the mapping 
n:x;+nn (7.7) 
is injective. 
Suppose KE X”. From (7.3) it follows that there exists a centered body, 
VK, in 27(K). From (7.7) we know that it is the only centered body in 
Z7( K). Thus, if L E Z7( K), then, since l7( L) = I7( K), we have VL = VK. 
But from (5.5) we have, 
V(VK)= V(VL)a V(L), (7.8) 
with equality if and only if L is centrally symmetric. 
Thus, for KE X”, L7( K) contains a unique centered body and this 
centered body is characterized (up to translation) by having larger (by 
(7.8)) volume than any other body in II(K). 
We shall need the fact that for K, LEA?', 
V,(K,Z7L)= V,(L,IlK). (7.9) 
A proof of this can be found in [30]. 
For a convex body KE X”, we shall abbreviate Z7(l7K) by 17* K. 
It is well known, and easily shown, that if E is a centered ellipsoid, 
then Z7E is a dilation of the polar of E. (See, for example, Petty [32, 
Theorem 31.) In fact, if V(E) = co,, 
17E=o,-1E*. (7.10) 
From this, and the fact that (E *)* = E, it follows immediately that 
Il'E=o;_,E. (7.11) 
A body K E Xx” is said to have constant brightness if u( K 1 E,) is indepen- 
dent of U. Obviously, K has constant brightness if and only if l7K is a ball. 
For KE X”, VK E X;, and since LIVK = IIK, it follows, from the injec- 
tivity of I7 on .XE, that K has constant brightness if and only if VK is a 
ball. 
As noted previously, there are a number of alternate definitions of 
zonoids (or projection bodies). For example, a convex body in Xz is a 
zonoid if it is a limit (with respect to the Hausdorff metric, 6) of a 
Minkowski sum of line segments, or alternatively, if it is the range of a 
non-atomic vector (R”) measure. 
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8. INTERSECTION BODIES 
We shall define the intersection body, ZK, of the star body KE 9’“, as the 
star body whose radial function in the direction u E s” - ’ is equal to the 
(n - 1 )-dimensional volume of the section of K by the hyperplane 
orthogonal to IA; i.e., if II E s” ‘, then 
p(IK, u) = u(Kn E,). (8.1) 
We shall use .Y” to denote the set of intersection bodies of star 
bodies; i.e., 
9” = (IK: KE 9”). 
By using the polar coordinate formula for volume, it is trivial to verify 
from the definition of radial Blaschke linear combinations (6.1), and the 
definition of intersection body (8.1), that for K, L E 9’“, and ~1, y > 0, one 
has 
I(a K ; y . L) = cdK i ylL and I(-K)=ZK. (8.2) 
From (8.2) it follows that the class of intersection bodies is closed under 
radial Minkowski addition and scalar multiplication. 
For KE Y”, we shall use Z(K) to denote the set of all star bodies which 
have the same intersection body as K; i.e., 
I(K)= {LEF’: IL=IK]. 
We shall call Z(K) the intersection class of K. 
If KE Y”, then from the definition (6.4), of PK, and (8.2) it follows 
immediately that 
IPK= IK, (8.3) 
and hence VK E I(K). 
From (8.3) we see that every intersection body is, in fact, the intersection 
body of some centered body. Hence, the class of intersection bodies could 
have been defined as the class of intersection bodies of centered star 
bodies; i.e., 
.f”= (ZK: KE 9;). (8.4) 
From definition (8.1) we obviously have, 
The radial function of the intersection body of a centered star body 
KE 9’; is given by 
PIK = TP;- ‘, (8.5) 
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where T is the Radon transform. This follows immediately from definitions 
(0.2) and (8.1), and the polar coordinate formula for (n - 1 )-dimensional 
volume. 
Corresponding to Petty’s result (7.6) we have: 
THEOREM (8.6). Zf K, L E 9”‘, then 
ZK = ZL, (8.6a) 
if and only is 
&(K, Ml = &(L, W, (8.6b) 
for all A4 E 9:. 
ProoJ From (6.6) and (8.3), we see that we may assume that 
K, LEE;. 
Suppose that for all ME YE, (8.6b) holds. Let f E Ce+(S”-I), and define 
A4E.Y; by 
PM==J 
From (2.7a), we have 
and 
~,(K,M)=(P”,-‘,PM)=(P~-‘, Tf), 
6(L, W = (PZ-‘, PM) = (P:- ‘9 Tf ). 
Hence, from (8.6b), (0.3), and (8.5) we have 
(P,K,f)=(PIL>f). 
Thus, for all f EC:(S”-‘), 
(PIK-PlLIf)=0. 
But this must hold for all f E C&Y-‘), since we can write an arbitrary 
function in C,(S”-‘) as the difference of two functions in C:(S”- I). If we 
take pIK - pit for f, we get IplK - pILj 2 = 0, and hence, ZK= ZL. 
Now suppose (8.6a) holds and ME 9,“. Suppose A4 is such that 
pw~ T(C,(S”- ‘)) and hence there exists an f E CJS”--I), such that 
From (2.7a) we have 
6(K, W = (P”,- ‘3 PA,) = W ‘2 TO, 
and 
h(L, M) = (PZ- ‘, ~,wu) = (pi- ‘3 Tf ). 
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If we use (0.3) and (8.5), we see that ZK= IL implies that (8.6b) must hold 
for all MEY; such that P,,,,E T(C,(S”-I)). Since T(C,(S”-I)) is dense in 
Ce(Sn- i), and dual mixed volumes are continuous, it follows that (8.6b) 
must hold for all ME 9’;. 
The fact that the Radon transform is injective follows easily from the fact 
that it is self-adjoint, and its image is dense in C,(S”- ‘). Both facts were 
used to show that (8.6a) implies (8.6b). So it is not surprising that from 
Theorem (8.6) one can show that the Radon transform is injective. 
Suppose f, g E C,(Sn ~ ’ ) and Tf = Tg. We take any A E [w such that f + 1 
and g + 1 are both positive functions, and we define K, L E Y; by 
p”,-‘=f +i and p”,-‘=g+A. 
Since Tf = Tg, it follows that Tp”,- ’ = Tp;- ‘, and hence by (8.5), that 
ZK= IL. Thus, from Theorem (8.6) we know that (8.6b) holds for all 
MEY~. Since K, LEY:, Proposition (4.6) allows us to conclude that 
K= L, and hence, f = g. 
If K, LEX:, and ZK=ZL, then from (8.5) and the fact that the Radon 
transform is injective, we have K= L. Thus we have: 
PROPOSITION (8.7). The mapping 
I: 9-g-+LF” 
is injective. 
Suppose KE 9”. From (8.3) we know that there exists a centered star 
body, VK, in Z(K). From Proposition (8.7) we know that it is the only 
centered body in Z(K). If L E Z(K), then since I( L ) = Z(K), we have 
OL = QK. But from (6.5) we have 
V(vK) = V(vL) < V(L), 
with equality if and only if L is centered. 
We summarize this in: 
THEOREM (8.8). Zf KE F, then Z(K) contains a unique centered star 
body, and this centered body is characterized by having smaller volume than 
any other star body in Z(K). 
We will need the following result. 
LEMMA (8.9). ZfK, LEY”, then r,(K,ZL)= r,(L,ZK). 
Proof: Since ZK and IL are centered, it follows from (8.3) and (6.6) that 
v’,(K, IL) = 8,(oK, ZOL) and v,(L, ZK) = v’,(vL, ZPK). 
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We thus need prove the lemma only for centered bodies, and we assume 
K, LEE’:. From (2.7a) and (8.5), it follows that 
&(K, IL) = (p;- I, Tp;- ‘) and r,(L, IK) = (p;- I, Tp;- ‘), 
and hence the desired result follows from the fact that the Radon transform 
is self-adjoint (0.3). 
For a star body K E Y’, we shall abbreviate I(ZK) by I2 K. 
Suppose E is a centered ellipsoid. It is easy to verify that, for all u E S”- l, 
(See, for example, [31].) From (7.1), (8.1), and the fact that the radial 
function of a centered body is equal to the reciprocal of the support 
function of the polar body, we have IE = otP ,(nE*)*. Hence, from (7.10) 
we see that if V(E) = w,, 
ZE=o,_,E*. (8.10) 
From this it follows immediately that 
I’E=o;_,E. (8.11) 
Thus, all centered ellipsoids are intersection bodies. 
A body KE Y” will be said to have constant slice if u(Kn E,) is indepen- 
dent of U. Obviously, K has constant slice if and only if ZK is a centered 
ball. 
For K E Y”, T’K E Y;, and since I PK = IK, it follows, from the injectivity 
of I on Yz, that K has constant slice if and only if T’K is a centered ball. 
But T’K is a ball if and only if K is (n - 1)-equichordal. Hence, we have: 
PROPOSITION (8.12). If KE Y”, then K has constant slice ij’ and only if K 
is (n - 1 )-equichordal. 
An important result of Busemann [8] is that if K is a centered convex 
body, then ZK is also a centered convex body. The set of intersection bodies 
of centered convex bodies will be denoted by I”. Thus, Busemann’s theorem 
is that 
For the case where K is a centered convex body in KY, Busemann [9, 10) 
has shown that (with Busemann’s definition of Minkowskian surface area) 
the solutions of the isoperimetric problem in the Minkowskian space 
(LX”, 1.1 K) are the bodies homothetic to the polar body of ZK. 
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9. THE PETTY-SCHNEIDER THEOREM 
To show the similarity between the proofs of the Petty-Schneider 
theorem and Theorem 2, we shall now reproduce the elegant proof of Petty 
and Schneider. 
THEOREM (9.1). [ f  K E Xn, L E II”, und for all u E S” ~ ‘, 
the?1 V(K) < V(L), and V(K) = V(L), only if K and L are translates of each 
other. 
Proqf: Since the conclusion is trivial if V(K) = 0, we assume K is 
non-trivial. From the definition of a projection body (7.1), and the fact that 
the areas of the projections of K do not exceed those of L, we have 
and hence from ( 1.1) we have 
IIK c ITL. (9.2) 
Since L E Z7”, there exists a convex body L,, such that L = I7L,. From (9.2) 
and (3.1) it follows that 
V,(L,, flK) d V,(L,, nL). 
If we use (7.9) we can rewrite the last inequality as 
V,(K, UL,,) 6 V,(L, 17L,,), 
and since L = I7L,, we can use (1.8) to conclude that 
V,(K, L) < V(L). 
We now use the Minkowski inequality (3.2) and obtain 
V(K) d V(L), 
with equality only if K and L are homothetic. To complete the proof we 
need merely observe that homothetic bodies of equal volume must be 
translates of each other. 
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10. THE BUSEMANN-PETTY PROBLEM 
We shall prove a result stronger than Theorem 2 of the Introduction: 
THEOREM ( 10.1). Zf K E Y”, L E Y”, and for all u E S” ~ ‘, 
v(Kn E,) < u(L n E,), 
then I’(K) d V(L), and V(K) = V(L) only if K= L. 
Proof: From the definition of an intersection body (8.1), and the fact 
that the areas of the slices of K do not exceed those of L, we have 
and hence from (2.1), we have 
IK c IL. (10.2) 
Since KEY’, there exists a star body K,,, such that K= ZK,. From (10.2) 
and (4.1), it follows that 
&UC,, IK) Q &(Ko, IL). 
If we use (8.9), we can rewrite the last inequality as 
p,(K, &) < &(L, K,), 
and since K= IK,,, we can use (2.8) to conclude that 
J’(K) d f?(L, K). 
We now use the dual Minkowski inequality (4.2), and obtain 
I/(K) G V(L), 
with equality only if K and L are dilations of each other. Obviously, if 
V(K) = V(L), we must have K = L. 
Since all ellipsoids are intersection bodies, it follows that if K is an 
ellipsoid, then if (2a) holds, so does (2b). This was shown by Busemann 
and Petty [ 141, by using an inequality of Busemann [ 111. 
11. CHARACTERIZATIONS FOR THE PROJECTION PROBLEM 
A natural question about the Petty-Schneider theorem, Theorem (9.1), 
is whether the class 17” can be replaced by a larger class of convex bodies. 
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The following result of Petty and Schneider shows that any such larger 
class would have to be a subset of -X;, even if in Theorem (9.1) the class 
X” were replaced by X:. Specifically, Petty [32] and Schneider [34] have 
shown: 
PROPOSITION (11.1). Zf L is a convex body which is not centrally 
symmetric, then there exists a centered body K, such that, for all u E s” ~ I, 
4KI &I < 4L I ct), 
but 
V(L) < V(K). 
Proof. From (7.3) we know that the convex body VL is in the projec- 
tion class of L, and hence, for all u E s” - ‘, 
4PL) I E,) = v(L I K). 
Since L is not centrally symmetric, by (5.5) we have 
V(L) < I/(VL). 
The body K = E VL, where 2.5” = 1 + V(L)/V(VL), will obviously have the 
desired properties. 
Petty shows, by example, that if a larger class could be substituted for 
lf3 in Theorem (9.1), then this class would have to be a proper subset 
of .X-z. 
An important result of Schneider [34] is that, if K is a centered body 
which is sufficiently smooth and has positive curvature, then if Kg IKn, 
there exists a centered body L such that, for all u E s”- ‘, 
but 
V(L) < V(K). 
Obviously from the Petty-Schneider theorem, Theorem (9.1), it follows 
that L 4 l7”. 
We shall not reproduce Schneider’s clever proof of this result. However, 
the proof given for the corresponding result for intersection bodies is quite 
similar to Schneider’s proof. 
12. CHARACTERIZATIONS FOR THE INTERSECTION PROBLEM 
A natural question to ask about Theorem (10.1) is whether the class 9” 
can be replaced by a larger subset of Y”. The following result shows that 
258 ERWIN LUTWAK 
any such larger subset would have to be a subset of 92, even if in 
Theorem (10.1) the class Y” were replaced by ~7;. 
PROPOSITION ( 12.1). If K E 7 is a star body which is not centered, then 
there exists a centered star body L, such that, for all u E S”- I, 
v(KnE,)<o(LnE,), 
but 
V(L) < V(K). 
Proof: From (8.3) we know that the star body TK is in the intersection 
class of K, and hence, for all u E s”- ‘, 
u((vK)nE,)=v(KnE,). 
Since K is not centered, we know from (6.5) that 
V(vK) < V(K). 
The body L = E 6K, where 2.5” = 1 + V(K)/V(vK), will have the desired 
properties. 
The following is the corresponding result, for intersection bodies, of the 
result of Schneider [34] mentioned in Section 11. 
THEOREM (12.2). Zf LE 9: is a star body whose radial function is in 
C’F(S-‘) and positive, then if L$ -On, there exists a centered body K, such 
that, for all u E S” ~ I, 
v(KnE,)<u(LnE,), 
but 
V(L) < V(K). 
Proof: Since pL E Cp(S- ‘), there exists (see, for example, Helgason 
[24] or Strichartz [39]) an f E Ce(Sn-‘), such that 
PL=V (12.3) 
Note that f must assume negative values; otherwise L would be the inter- 
section body of the star body whose radial function is f 1’(n-1). 
We choose a nonconstant function FE CF( s” - ’ ), such that 
and 
F(u)>% when f(u) < 0, (12.4a) 
F(u) = 0, when f(u) > 0. (12.4b) 
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Since FE Cp (s” ’ ), there exists a function g E C,(P - ‘), such that 
F= Tg. (12.5) 
Since p”,- ’ > 0, there exists a 1” > 0, such that 
p’1-‘-J.g>O 
on S”-‘. We define KE Y: as the body whose radial function is given by 
p;-‘=p;-‘-Ag, 
From this we have, 
Tp;- ’ = Tp;- ’ - ATg, 
and thus, from (12.5) and (8.5) it follows that 
plxr=pIL-iF. (12.6) 
Note that from (12.4a), (12.4b), and (12.6) we see that ZKZZL, and 
PIK(~)fPIL(~), when f(u) < 0, (12.7a) 
and 
PIK(U)=PIL(UL when f(u) 3 0. (12.7b) 
Since by (2.8), V(L) = p,(L, Z,), from (2.7a) we have 
v(L)- h(K, L)= (P",-', pd-(PnK-', pd. 
Hence, from (12.3) we have 
V(L)- &(K, L)= (p”LP1-p”,$, Tf). 
From (0.3) and (8.5) it follows that 
v(L)- &W, L)= (TP",-'- TP;-',f)= (p,L-pmf). 
Thus, from (12.7a) and (12.7b) we see that 
V(L)- P,(K, L)<O. 
A simple application of the dual Minkowski inequality (4.2) gives us 
V(L) < V(K). (12.8) 
But (12.7a) and (12.7b) tell us that 
u(Kn E,) d u(L n E,), (12.9) 
607/l I L-9 
260 ERWIN LUTWAK 
for all UE.!?‘. As was done in the proof of Proposition (12.1), we can 
dilate K by a factor E < 1, so that inequality (12.8) still holds, but inequality 
(12.9) becomes strict. 
We note that the centered body K in Theorem (12.2) cannot be in 3”. 
This follows immediately from Theorem ( 10.1). 
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